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Section 1. Deterministic Unit Commitment in 3bin
formulation
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Description

What is the optimal production planning ?

PN

al

ad

ad

® G: set of generators

Figure: Unit Commitment

® T: time horizon (T=24 for a day)
e ¢ €RT: vector of demand
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Variables

Variables

® pg.:: power generation of generator g at time t.

Zpgzg

geg
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Variables

Variables

® pg.:: power generation of generator g at time t.

Zpg:£

geg

* Xg,t = (Ug,e; Vg,t, Wg,t) € {0,1}°

® ug;: Binary variable equal to 1 if generator g is on at time t.

® vg:: Binary variable equal to 1 if generator g starts up at time t.

® wg ;: Binary variable equal to 1 if generator g shuts down at time t.

t 0|1(2|3|4|5/6|7|8[9|10| 11|12 |13 | 14
uge (0(0Oj1(1{1j0(0|1|1|{0] 1|1 ]1]0]O0
vgte (0|01 (0f0|0O{O0O]1|0O|O0|1]0]|0]|O0]|0O0
wg: | 0[{0O]0O|O0O|O0O|1|{0O|O0OJO0O|1]|O0O]O0]|O0]|1]0O0
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Technical Constraints

Constraints linking the variables x and p

Wexg < AgPg

Example:
® Capacity constraints: Pg”'"ugi < pgt < Pé’,""’xug,t

Pmax

p

Pmin

t

12345678 091011121314
[wOfOft]1f1f1]u]af1f1f2]L]1[1]1]
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Technical Constraints

Constraints linking the variables x and p

Wexg < Agpg Vg

Constraints on the commitment variables x = (u, v, w)

ug’t - ugyt_]- = Vg)t - Wgat Vg7Vt
xg € Xg Vg

Minimum uptime constraint in Xg:

E : Vg,k < Ugt

ke[t—TY+1,t]
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Technical Constraints

Constraints linking the variables x and p

Wexg < AgPg

Constraints on the commitment variables x = (u, v, w)

xg € Xg

ug’t - ugvt_]- = Vg)t - Wgat

Vg, Vt
Vg

Satisfaction of the demand:

Zpng

geg
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3-bin formulation

min
x,p

s.t.

.
Z Cg,txgutJr Z Cg,t Pg,t

g€g, te[T g€y, te[T]

> Ps= 5

geg

Wexg < Agpg Vg
Ug,t - ugzt_l = Vg7t - Wg)t vg7Vt
Xg € Xg Vg

ngt = (Ug’t, Vgat’ Wg:t)
xg €{0,1337, p, € RT.
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3-bin formulation

min
X?p

s.t.

-
Z CotXgt + E Cg,t Pg,t

geg, te[T] g€y, te[T]

Zpg:§

geg
Wexg < Agpg Vg
x€ X, pg € RT.
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Section 2. 3-bin approaches for Stochastic Unit
Commitment
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2-stage Stochastic Unit Commitment

. T ® Uncertainty on the demand &

min E C, .x c

x,p et + D CatPa
g

) gt
s.t. Zpg :?
g

Wexg < Agpg Vg
x€X,p €RT.
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2-stage Stochastic Unit Commitment

. T ® Uncertainty on the demand
min Z Co.tXg,t + Z Cg,t Pg,t Y . :
P P ® 2-stage assumption:
® First-stage: Commitment decisions x, ; made
= ? - X =)
i Z Pe : before uncertainty is revealed
g ® Second-stage: Generation decisions p, ;
Wexg < Agpg Vg made after uncertainty is realized
x€X, pg €RT.
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2-stage Stochastic Unit Commitment

® Uncertainty on the demand &
. T q
T,I;? Z ¢ tXg,t T Z s Z Cg,t Psg,t ® 2-stage assumption:

&t se§ &t ® First-stage: Commitment decisions x, ; made
— before uncertainty is revealed
st. Y psg=& Vs y e i,
z ® Second-stage: Generation decisions pg ¢

made after uncertainty is realized

€ X, eR’. . . N
x Ps.g ® Set of scenarios & with probability s
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2-stage Stochastic Unit Commitment

® Uncertainty on the demand &
. T .
nQ,I;? Z CotXgt + Z s Z Cg,t Ps,g,t ® 2-stage assumption:

&t se§ gt ® First-stage: Commitment decisions x, ; made
— before uncertainty is revealed
st. Y psg=& Vs Y 18 revesee
2 ® Second-stage: Generation decisions p, ;

- made after uncertainty is realized
x€X, psg €R".

® Set of scenarios & with probability s

— Extensive formulation: 1 Mixed-Integer Linear Program
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Recourse function: Primal formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the
demand (&))

Q(x, ) = mpin Z Cg,t Pg,t
g,t

s.t. Zpg =¢£
g

Wexg < Agpg Vg
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Recourse function: Primal formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the

demand (&))

(X 5 = mm Z Cg,t Pg,t TI;P Z g,t%g,t + Zﬂ's Z Cg,t Ps.g,t
seS gt
Z Pg = s.t. Z Ps.g = €S
g

Wng < AgPg V8 Wng < AgPS,g Vg, Vs
x e X
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Recourse function: Primal formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the

demand (&))

Q(x,§) —mm chﬁpg m|n ZC th,t+Z7Ts m|n Z Cott (Fmits

Ps, g*fs
seS g
ngg<Agp5 g

Zpg* st. xeX

ngg < Agpg Vg




Recourse function: Primal formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the
demand (&))

Q(x,£) = min ch,t Pg,t mXin Z CgT,th,t+Z7T5Q(X>€s)
P gt gt seS
st. Y pe=¢ st. xeX
g

Wexg < Agpg Vg
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Recourse Function: Dual formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the
demand (&))

Primal formulation: Dual formulation:
T T
Q(x,¢) = m|n Z G Q(x,&) = T £+ Z,ug Wgxg
g
Z pg = [v] s.t. A;,ug +v=c Vg
g = 0 Vg
ngg < Agpg Vg [1g]

10/20



Recourse Function: Dual formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the
demand (&))

Primal formulation: Dual formulation:
Q(x,¢) = m|n Z G Q(x,¢) = ¢ viE+ Z,u;,r WXy
g
Z Py = ] st. Agugtv=cs Vg
ng >0 Vg
ngg < AgPg Vg [11] Independent of x and & !
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Recourse Function: Dual formulation

Q(x,&): recourse value representing the optimal cost of the second stage
(i.e. value of the optimal planning knowing which units are on or off (x) and the
demand (&))

Primal formulation: Dual formulation:
Q(x,¢) = m|n Z G Q(x,¢) = n;iquf -F Z,u; WXy
g
Z Pg = [v] s.t. A;—ug +rv=c¢ Vg
ng >0 Vg
ngg < AgPg Vg [11] Independent of x and & !
F
(@) +oo if A € F,(v)Te+ 3 (uf) T Wexg > 0
(x,€) = MaX,co ((V")Tf + 2. (mg) " ngg> otherwise.
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3-bin Benders’ Decomposition

mXinZC;txg,t—i—ZﬂsQ(X, fs) Q(ng) =
gt : { +oo if If € F, () T€+ 30, (uf) T Wexg > 0

st.xe X MaXoco ((VO)Tg 4 Zg(,ug)T ngg> otherwise.
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3-bin Benders’ Decomposition

min Y Clexge+ ) mQ(x, &) Q(x, &) =
S S +oo if IF € F,(vF)TE+ Zg(,u;)T Wexg >0
st.xe X MaXoco ((V°)T§ + Zg(ug)Tngg) otherwise.

. T
min E C, Xyt + E TsZ
o g,t7g,t s4s
g,t S

st.xe X
zs > Q(x,&s) Vs
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3-bin Benders’ Decomposition

mXin Z C;txg,t + ZﬂsQ(Xa &) Qx,€) =
gt s +oo if IF € F,(vF)T¢+ Zg(lf/g)T Wexg >0
st.xe X MaXoco ((,,O)Tg A Zg(NZ)T ngg) otherwise.

: T
min E C, .x E TsZ
X g,t gt T 54s
gt s
st.xe X

0> (N)Te + Z(,u;)TWng Vs, Vf € F
g
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3-bin Benders’ Decomposition

mXin Z C;txg,t + ZWSQ(X, &) Qx,€) =
gt s +oo if IF € F,(vF)T¢+ Zg(lf/g)T Wexg >0
st.xe X MaXoco ((,,O)Tg A Zg(NZ)T ngg) otherwise.

min Z C;txg’t + Z TsZs
x g,t s
st.xeX
0> (W)T&+D (uh) Wexg Vs, ¥FeF
g

ze > (v°) T + Z(ug)Tngg Vs, Yo € O
g
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3-bin Benders’ Decomposition

m)jnZC;th,t‘f'ZWsQ(Xags) Q(X7£) =
gt : { +oo if If € F, (V1) TE+ 2 (uf) T Wexg > 0

st.xe X MaXoco ((,,O)Tg A Zg(,ug)T ngg) otherwise.

min Z C;txgyt + Z TsZs
x g,t s
st.xeX
0> (W)T&+D (uh) Wexg Vs, ¥FeF
g

ze > (v°) T + Z(ug)Tngg Vs, Yo € O
g

—> lterative generation of these feasibility and optimality cuts until convergence!
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Section 3. Extended Formulation
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Addition of Interval First-Stage Variables

3bin-formulation
xg,t = (Ug,e, Vg,e, We,e) € {0,1}F°
® ug;: Binary variable equal to 1 if
generator g is on at time t.
® vg ¢ Binary variable equal to 1 if
generator g starts up at time t.

® wg;: Binary variable equal to 1 if
generator g shuts down at time t.

Extended formulation

Yg,a,b: equals to 1 if generator g starts
up at time a and shuts town at time b
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Addition of Interval First-Stage Variables

3bin-formulation
Xg,t = (ugat7 Vg7t’ Wg7t) € {07 1}3
® ug;: Binary variable equal to 1 if
generator g is on at time t.
® vg ¢ Binary variable equal to 1 if
generator g starts up at time t.
® wg;: Binary variable equal to 1 if
generator g shuts down at time t.

Extended formulation
Yg,a,b: equals to 1 if generator g starts
up at time a and shuts town at time b

Ug,t = Z Vg,a,b

[a,b]>t

t |[0]1/2|3|/4|5|6

8191011 |12 | 13 | 14

uge |0]0|1|1[1]0]0

10,11 ]110/|0

Yg25 =1 Yg70=1 7g913=1
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A new formulation of the recourse function

Under some weak assumptions, if x and ~y represent the “same” first stage decisions,
then:

Q(Xag) = Q('}’af) = mVaX VTg =+ Z 'Yg,a,bég,a,b(cg - V) )

g:[a,b]
where: Qgab(y) = min y'p
pERT
WeXg,ab < Agp.

Note: @g,a,b(y) is the optimal cost of the second stage when generator g is on
between time a and b and its generation cost is y.

t o123 ,4 |56 |7|8]9 1011 |12 | 13| 14

Xe25:| 00| 1|1]1]0]0][0]0]|0] 0] O0]O]|O0]oO

y Yo | Yi | Y2 | Y3 |Ya|Ys |Ye | Yr|Ys | Yo | Yio | Yi1 | Y12 | Y13 | V14
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A new formulation of the recourse function

Under some weak assumptions, if x and  represent the “same” first stage decisions,
then:
+oo ifIfF € F,(vF)TE+ Zg(ug)Tngg >0

Qx,€) = { maXoco ((VO)T§ + Zg(,ug)T ngg) otherwise.
=Q(7,§) = e v+ Z Ve, Qe,2,6(Cs — V)

g:[a,b]
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A new formulation of the recourse function

Under some weak assumptions, if x and  represent the “same” first stage decisions,
then:

+oo ifIfF € F,(vF)TE+ Zg(ug)Tngg >0
Qx,€) = maxoco ((VO)T§ + Zg(,ug)T ngg) otherwise.
g:[a,b]
+oo I €F,(WNTE+ Y YgapQeas(—vF) >0

g,[a:b]

maxoco | (v°)T€ + Z Vg,a,bég,a,b(cg — v°) | otherwise.
g,[a:b]
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Extended Benders’ Decomposition (new)

w3 e+ Y
gt s
st. xeX, x=(uv,w)

Ugt = Z Yg.ab V&, Vit
[a,b]>t

Q(x,€) = Q(7,¢) =
+00 if Af € F, (I/f)Té aF Zg,[a:b] A/g,a,bég,;gb(*l/f) >0

T A .
(Y 3 tensoanler ~17) cthenve
g[a:
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Extended Benders’ Decomposition (new)

min
5%

Ss.t.

Z CthXg,t‘FZWsQ(Xa &s)
g,t s
xeX, x=(uv,w)

Ugt = Z Yg.ab V&, Vit
[a,b]>t

Q(x,€) = Q(7,¢) =
400 if Af € F, (I/f)TE aF Zg,[a:b] ’Yg,a,bég,;gb(*l/f) >0

T A .
(Y 3 tensoanler ~17) cthenve
g[a:

. T
e
gt 8
st.x € X, Ugt = Z Yg,a,b ng vt

zs > Q(x,&s) Vs

[a,b]>t
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Extended Benders’ Decomposition (new)

min
5%

Ss.t.

Z C;txg,t + ZﬂsQ(Xa &) Q(x, ) = Q(1,§) =
8t ° 400 if Af € F, (l/f)TE aF Zg,[a:b] ’Yg,a,bég,gb(*l/f) >0
meaé((v")Tf + Z Ye.2.6Qg.2.6(cg — v°)) otherwise.

Ugt = Z Yg,a,b Vg, Vit g,[a:b]
[a,b]>t

xeX, x=(uv,w)

minE C;txg,t—i— E TsZs
X,y

gt s
s.t.x € )(7 ug,t = Z fyg7a7b Vg’ Vt
[a,b]>t
0> (Vf)Tgs + Z ’Yg,a,bég,a,b(*ljf) VS, Vf e F
g,[a:b]
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Extended Benders’ Decomposition (new)

min
5%

Ss.t.

Z CthXg,t‘FZWsQ(Xa &s)
g,t s
xeX, x=(uv,w)

Ugt = Z Yg.ab V&, Vit
[a,b]>t

Q(x,€) = Q(7,¢) =
400 if Af € F, (l/f)TE aF Zg,[a:b] ’Yg,a,bég,gb(*l/f) >0

T A .
Tea(%(((,ﬂ) £+ ;)] Ve,a,6Qg,a,6(cg — v°)) otherwise.
g.[a:

minE C;txg,t—i— E TsZs
X,y

g,t s

s.t.x € )(7 Ugt = Z Yg,a,b Vga vt

[a,b]>t
0> (Vf)Tgs + Z ’Yg,a,bég,a,b(*ljf) VS, Vf e F
g,[a:b]
zs > (Vo)Tfs + Z ’Yg,a,b@g,a,b(cg — Vo) VS, Yoe O
g,[a:b]
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Summary

3bin BD

Solve Master Problem
with x variables

Extended BD

Il

Solve subproblems

1
Add cut

Solve Master Problem
with x and ~ variables

Il

Solve subproblems

1

Compute the cut
coefficients Qg 2 5(y)

1
Add cut
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Summary

3bin BD

Solve Master Problem
with x variables

Extended BD

Il

Solve subproblems

1
Add cut

Solve Master Problem
with x and ~ variables

Il

Solve subproblems

Compute the cut
coefficients Qg 2 5(y)

-

i \

Too many LPs to solve
Heuristic to compute
good dual solutions

»L /
Add cut
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Section 4. Computational Experiments
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Instances and Methods

Instance Generators | Time Steps | Scenarios
SMS++/EDF 10-20-50 24 1-100
Method First stage variables | Recourse function

3bin-extensive X primal Q(x, &)
3bin BD X dual Q(x, &)
Extended BD X, (v, §)
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Numerical Results

Units S | 3bin BD 3bin-extensive Extended BD
10 1 X Os 3s
10 25 X 8s 7s
10 50 X 20s 8s
10 75 X 37s 11s
10 100 X 59s 14s
20 1 X 2s 33s
20 25 X 41s 40s
20 50 X 104s 36s
20 75 X 367s 48s
20 100 X 542s 61s
50 1 X 6s 66s
50 25 X 333s 54s
50 50 X 816s 60s
50 75 X 2167s 84s
50 100 X 2627s 85s
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Section 5. Conclusion

18/20



Conclusion

® Proposed a novel Benders' Decomposition approach for two-stage Stochastic Unit
Commitment.

® Demonstrated superior performance compared to existing methods on large-scale
instances.

® The approach is easily extendable to include network constraints.

® |t is also adaptable to various stochastic frameworks, such as Robust Optimization,
Risk-Averse models (e.g., AVaR), and Distributionally Robust Optimization.
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Thank You!
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