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Unit Commitment
oeo

Deterministic UC Problem

M: set of units

T: time horizon

d € RT: demand vector

xj: commitment variables (binary).
yj: production variables (continuous).

min Z ¢! xi + Z b y;

Xi»Yi

iem ieM

s.t. Fix; > f; Vie M
Hiyi > h; Vie M
Aixi + Biyi > gi Vie M
Z yi=d
ieM

Xj € {0, 1}mi><T, yi € RI
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Unit Commitment
ooe

Assumptions

@ Uncertainty on the demand.

min c'x+b'y
XisYi

s.t. xeX
yi € Yi(xi) Vie M

Zy,':?

ieM

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 3/24



Unit Commitment
ooe

Assumptions

@ Uncertainty on the demand.
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Assumptions

@ Uncertainty on the demand.
@ 2-stage assumption:

o 15t stage: commitment variables (binary)
e 2" stage: production variables (continuous)

mn c' x4+ min b’
Xi yityi€ Yi(xi)
Yiem vi=d

s.t. xe X
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Unit Commitment
ooe

Assumptions

@ Uncertainty on the demand.

@ 2-stage assumption:
o 15t stage: commitment variables (binary)
e 2" stage: production variables (continuous)

min c'x+ Q(x,d)
s.t. xeX

Q(x, d): recourse function representing the optimal cost of the
second stage, considering which units are on or off (first stage) and

the demand d

Q(x,d)=min b'y = mﬁax ald+ B x+7
y a’ 77
yi € Yi(xi) (a,8,7) € A
> yi=d
ieM
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Traditional Methods
(o] Jelele]

Principle

Robust problem: minimize the worst-case
- T
min ¢’ x + max Q(x, d)
x deD

s.t. x;€X; Vie M
x; € {0, 1}m>T
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x deD
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Traditional Methods
(o] Jelele]

Principle

Robust problem: minimize the worst-case
- T
min ¢’ x + max Q(x, d)
x deD

s.t. x;€X; Vie M
x; € {0, 1}m>T

Budget Uncertainty Set:

D= {d = (dt)tE[T] ‘ dt = c?t +’7tAt Z ”yt‘ < I Yt € [—1, 1]}

=—> Objective: Find a tractable reformulation to solve the
min-max-min problem
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Steps for reformulating Taz%(Q(X’ d)
S

Q If I' is an integer, then:

maxQ(x,d) = max Q(x,d)
deD deext(D)

ext(D) = {d = (d)eerry | de = e+ 7eBe Y el ST 7 € {~1,0, 1}}

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 5/ 24



Traditional Methods
(o]e] lele]

Steps for reformulating Taz%(Q(X’ d)
S

Q If I' is an integer, then:

maxQ(x,d) = max Q(x,d)
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Traditional Methods
(o]e] lele]

Steps for reformulating Taz%(Q(X’ d)
S

Q If I' is an integer, then:

maxQ(x,d) = max Q(x,d)
deD deext(D)

ext(D) = {d = (d)eerry | de = e+ 7eBe Y el ST 7 € {~1,0, 1}}
@ Dualize the recourse function:

Q(x,d) = max (aTd +8 x4+~ st (a,pB,9)€ /\)

© Transform the bilinear worst-case problem into a MILP:

maxQ(x, d) = max a'd+ B Tx+~

deD deext(D),(a,B,v)EN
Contribution: Adaptation of the method developed by
Billionnet et al. [2016]' which assumes o > 0 (stemming from
> yi > d instead of }_ y; = d)

!Billionnet, Costa, and Poirion 2016.
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Traditional Methods
000e0

Benders Algorithm

Initial Robust Problem:

min ¢ x4+ 6

x,0
s.t. x; €X; Vie M
6 > max Q(x, d)
deD

x; € {0, 1}m’XT
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Traditional Methods
000e0

Benders Algorithm

If " is an integer, then:

maxQ(x,d) = max_ Q(x,d)

deD deext(D)

min ¢ x4+ 6

x,0

s.t. x;€X; Vie M
0> Q(x,d) Vd e ext(D)
x; € {0, 1}m>T
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Traditional Methods
000e0

Benders Algorithm

Dualize the recourse function:

Qx,d)=max (aTd+Tx+7 st (a,8,79)€A)

min ¢’ x+6
x,0
s.t. x;€X; Vie M
6 > max (aTd +8"'x+~ st (a,pB,7)e /\) Vd € ext(D)

x; € {0, 1}miXT
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Traditional Methods
000e0

Benders Algorithm

Decomposition over the extreme points (a, Bk, vk) of the dual

polytope A:
min ¢ 'x+6
x,0
s.t. x; € X Vie M

> T T
0> 12?})((] (ak d+ By x+ ’yk) Vd € ext(D)

x;j € {0,1}m™*T
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Traditional Methods
000e0

Benders Algorithm

Linearization:

mign c'x+0
s.t. x; €X; Vie M
0> (afd+Bix+7k) ¥d € ext(D)Vk € [K]

x;j € {0,1}m*T
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Traditional Methods
000e0

Benders Algorithm

Master Problem:
min ¢ x4+ 6
x,0
s.t. xj € X, Vie M <
0>ajde+B x+v, VLK
R, xe{0,1}mxT
» (ak+1, ghtt k1 gkt
= (a*7 /8*7 ,Y*a d*)
Subproblem:
max o'd+ 8 x" 47

Y

o,By,d
s.it. (o, B,7) €\, d € ext(D)
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Traditional Methods
0000e

CCG Algorithm

Initial Robust Problem:

min ¢ x+6
x,0
s.t. x; € X Vie M

0 > max Q(x, d)
deD

X € {0, 1}miXT
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Traditional Methods
0000e

CCG Algorithm

If T is an integer, then:

maxQ(x,d) = max_ Q(x,d)
deD deext(D)

min ¢ x4+ 6
x,0

s.t. x; €X; Vie M
0> Q(x,d) Vd e ext(D)

Xj € {0, 1}m’XT
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Traditional Methods
0000e

CCG Algorithm
Primal form of the recourse function:

Q(x,d)=min b'y
y

yi € Yi(xi) Vie M

ZY/ZC/

ieM
min ¢ 'x+6
x,0
s.t. x; € X; Vie M
0> min b'y? Vde ext(D)
yeeYi(x)
2iem yid:d

x; € {0, 1}m’XT
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Traditional Methods
0000e

CCG Algorithm

min ¢ x+6
X7.y

s.t. x;€X; Vie M
0>b'y Vd € ext(D)
vé e Yi(xj) Vdeext(D),VieM

Z yf=d Vde ext(D)
ieM

Xj € {0, 1}m;><T

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 7 /24



Traditional Methods
0000e

CCG Algorithm

Master Problem:

min ¢'x+maxb'y*

X,y £e[K]

s.t. xi € X, Yie M .
yi € Yi(xi), Vi€ M, V< k
> yi=d, Ve < k
ieEmM

x* dk+1 — d*
Subproblem:
> max o'd+BTx +~

B,

s.t. (a,B,7) €A d € ext(D)
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Traditional Methods

Contents

© Traditional Methods

@ Stochastic Programming
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Traditional Methods

Different Risk Measures

Risk neutral: E[X]

min ¢’ x + E[Q(x, d)]
s.t. x;€X;, Vie M
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Traditional Methods

Different Risk Measures

Risk neutral: E[X]

min ¢’ x + E[Q(x, d)]
s.t. x;€X;, Vie M

Risk Averse (TVAR): E[X|X > VaR,(X)]

1
min ¢' x4+ z + mE[max(Q(X, d) —z,0)]

s.t. x;eX;, Vie M

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 8 /24



Traditional Methods
Different Risk Measures

Risk neutral: E[X]

min ¢’ x + E[Q(x, d)]
s.t. x;€X;, Vie M

Risk Averse (TVAR): E[X|X > VaR,(X)]

1
min ¢' x4+ z + mE[max(Q(X, d) —z,0)]

s.it. x;€X;, VieM
MTVaR: SE[X] + (1 — B)E[X|X > VaR.(X)]
min ¢ x + BE[Q(x,d)] + (1 — B)z + gE[max(Q(x, d) —z,0)]
s.t. x;€X;, Vie M
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Traditional Methods

Algorithms

Extensive formulation:

min ¢ x + E[Q(x, d)]
s.t. x;€X;, Vie M
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Traditional Methods

Algorithms

Extensive formulation:

min ¢ x + ZWSQ(X, d®)
seS
s.t. x; € X;, Vie M
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Traditional Methods

Algorithms

Extensive formulation:

min ¢! x + E s  min by
seS yPEYi(xi)
Yiemyi=d®

s.t. x;€X;,, VieM
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Traditional Methods

Algorithms

Extensive formulation:

min ¢’ x + ZWSbTyS
seS
s.t. xpeX;, Vie M
y: €Yi(xi), VieM,VseS8

Y yi=d°, VseS
ieM
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Traditional Methods

Algorithms

L-shaped (Benders):

Master Problem:
min c'x+0
x,0
s.t. X € X,'7 Vie M -
623 m ((0f) o +(B) x+ (), Ve<k
s
R, x;e€{0,1}m*T
X (ai+lvﬁ/§+1’7i+1)
= (", 8 7)
Subproblem for each scenario s:
> max a'd*+pBTx" 4

a,B,y

st. (a,8,7) €N
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Introduction

: T
Een ,
min ¢ x—|—(g1637>)< e~ Q(x, )]

s.it. x;€X;, VieM
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Introduction

: T
Een ,
min ¢ x—|—(g1637>)< e~ Q(x, )]

X

s.it. x;€X;, VieM

Link between RO and SP:

o If P = {Po}, then the DRO problem is equal to the
risk-neutral one.
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Introduction

: T
Een ,
min ¢ x—|—(g1637>)< e~ Q(x, )]

X

s.it. x;€X;, VieM

Link between RO and SP:

o If P = {Po}, then the DRO problem is equal to the
risk-neutral one.

@ If P includes all distributions supported on U, then the DRO
problem is equivalent to the robust optimization (RO)
problem with U/ as the uncertainty set.
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Introduction

: T
Een ,
min ¢ x—|—(g1637>)< e~ Q(x, )]

X

s.t. x;eX;,, VieM

Link between RO and SP:

o If P = {Po}, then the DRO problem is equal to the
risk-neutral one.

@ If P includes all distributions supported on U, then the DRO
problem is equivalent to the robust optimization (RO)
problem with U/ as the uncertainty set.

—> How can we select P to benefit from the advantages of
both RO and SP?
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Choice of P

Idea: P has to include distributions “close” to the empirical one.

o Moments-based ambiguity sets

P = {Q|[E[Q] - E[Po]| < 6}
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Choice of P

Idea: P has to include distributions “close” to the empirical one.

o Moments-based ambiguity sets

P = {Q|[E[Q] - E[Po]| < 6}

e ¢-divergence-based ambiguity sets

P ={Q[Dy(Q,Po) < 0}

Problem: Dy(Q,Pp) = Ep {gb (%%) } is not a metric and only

considers distributions with the same support as Py.
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Choice of P

Idea: P has to include distributions “close” to the empirical one.

o Moments-based ambiguity sets

P = {Q|[E[Q] - E[Po]| < 6}

e ¢-divergence-based ambiguity sets

P ={Q[Dy(Q,Po) < 0}

Problem: Dy(Q,Pp) = Ep {gb (%&) } is not a metric and only
considers distributions with the same support as Py.

o Wasserstein distance-based ambiguity sets

P ={Q e PU)| Wy(Q,Pp) < 6}

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 12 / 24



Contents

© Distributionnally Robust Optimization

@ Divergence

Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 12 / 24



¢-divergence

DRO problem can be reformulated as:

. T
min ¢ x+ max  Eg[Q(x,

s.it. xe X
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¢-divergence

DRO problem can be reformulated as:

X7/B’a20

N
min  c'x+B8+6-a+a Z ((XC')>

s.it. x;€X;,, VieM
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¢-divergence

DRO problem can be reformulated as:

N
min  c'x+B8+6-a+a Z ((M)

X7/B’a20

sit. x;€X;, VieM

Kullback-Leibler divergence:

drL(x) = xlog(x) —x+1, ¢k (y)=¢" —1
Dy, (Q,P) = Eq [Iog <Z§) ]
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KL-divergence

N
. T «
min cx+8+(0—-1)-a+ — Z;
x,8,0>0,z€RN B+ ) N ; '
Q(x,¢j)—=8 .
sit. zi>e o Vi e [N]
xeX
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KL-divergence

N
. T o
min cx+p+00—-1)-a+ — z;
x,B,0>0,z€RY fr@=1 N ; ’
Q(x,¢;)—8 .
sit. zi>e o Vi e [N]
xeX
Tangents approximation:
1
. T
min c'x+B8+0—-1)-a+— z;
x,3,a>0,z€RY B ( ) N ; '

s.t. z > ae” 4+ e (Q(x,() — B —az) Vie[N], VreR
xeX
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KL-divergence

N
. T o
min cx+p+00—-1)-a+ — z;
x,B,0>0,z€RY fr@=1 N ; ’
Q(x,¢;)—8 .
sit. zi>e o Vi e [N]
xeX
Tangents approximation:
1
. T
min c'x+B8+0—-1)-a+— z;
x,3,a>0,z€RY B ( ) N ; '

s.t. z > ae” 4+ e (Q(x,() — B —az) Vie[N], VreR
xeX

= Solve with an extensive or L-shaped formulation.
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DRO
0®0000

Wassertein-distance definition

'/TP‘%"T‘(E:a C) \




DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:
i T
min ¢ x4+ max E X
* Q: W,(Q,Po)<6  [A] Q[Q( 75)]
supp(Q)CU

s.t. xeX

2Gao and Kleywegt 2016.
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DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:

N
1
i T Py _ _ P
min € x+A0% + N,-E,l sup (Q(x &) = Al = Gll")

XAZ

s.t. xeX

2Gao and Kleywegt 2016.
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DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:

1
. T T T
er\IZnO c x+ AP + N Zl: maxeeu ke[k] ( €+ B x + 1 — A€ = GiIIP)

s.t. xeX

2Gao and Kleywegt 2016.
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DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:

N
1
H T P - T Te AP
fmin, ¢ X+ AP+ ,-21 max (BkXerJrrgeag;(ak& AllE = Gill ))

s.t. xeX

2Gao and Kleywegt 2016.
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DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:

N
1
. T P 2 : T Te — P
XT\IZnO ¢ XA N i=1 krg?’i(] (ka Tk En;%)ﬁ(akg /\Hg CIH )>

s.t. xeX

In our study, no information is given in the support of the distributions:
U=RT

2Gao and Kleywegt 2016.
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DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?:

N
1
. T P T Te — P
qmin, € xFATEg ;1:12?}?] (ka+w+5n;%§(akf Allg =Gl ))

TN

s.t. xeX

In our study, no information is given in the support of the distributions:
U=RT

[-norm: with Ao, := max ||ak/eo
ke[K]

Cste N
1
T Tr o QT
min ¢ X++N’.§:1kn;ﬁi(](04kg+5kx+7k)

Q(x,¢i)
s.t. xeX

2Gao and Kleywegt 2016.
Mathis Azéma RO, SP and DRO for Unit Commitment 19/11/24 16 / 24



DRO
00000

Choice of L2 Wassertein distance: Problem with L! norm

General reformulation?: y

1

: T p, L T Ty P
i, T S (e el e G
s.t. xeX

In our study, no information is given in the support of the distributions:
U=RT

[-norm: with )\, := max llek |l o

Cste

1
mXin c x++NZmax osz,+5kx+*yk)

Q(x.¢i)

s.t. xeX
=— No link between x and 6 !

2Gao and Kleywegt 2016.
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000e00

[2-norm reformulation

DRO problem with norm L2 is equivalent to:

N
1
. T 2 T T 2
+ N\0° + E + vk + [
n}\lzn0 c'x . ;2?/5] (5/( X T Yk gaé(akf 1€ —¢ |2))
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000e00

[2-norm reformulation

DRO problem with norm L2 is equivalent to:

A ke[K] 4\

N
i 1 oI5
min, CTX+)‘92+N; max (Bl:rx+’7k+042—<i+2

s.t. xeX
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000e00

[2-norm reformulation

DRO problem with norm L2 is equivalent to:

XA ke[K] 4\

N
i 1 oI5
min, CTX+)‘92+N2 max (Bl:rx+’7k+042—<i+2
sit. xeX

Note: We remove the £ variables without losing the link between x and 6.
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[2-norm reformulation

DRO problem with norm L2 is equivalent to:

N 2
. T 2 T ||ak||2
G E ;
Xr:r;\lzno c x+ 4 max(kx—i—vk—i—akC—i— 5\
st. xeX

Note: We remove the £ variables without losing the link between x and 6.

. 1
min x4+ wh+ — E z;
x,A>0,2>0,w>0 N 4 1
i—

s.t. xeX
12w = A2 < w+ A

A
z,->(a2<,-+ﬁk + YK + ”ak”2> Vk € [K]
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000e00

[2-norm reformulation

DRO problem with norm L2 is equivalent to:

N 2
. T 2 T ||ak||2
G E ;
Xr:r;\lzno c x+ 4 max(kx—i—vk—i—akC—i— 5\
st. xeX

Note: We remove the £ variables without losing the link between x and 6.

. 1
min x4+ wh+ — E z;
x,A>0,2>0,w>0 N 4 1
i—

s.t. xeX
12w = A2 < w+ A

A
z,->(a2<,-+ﬁk + YK + ”ak”2> Vk € [K]

= Benders’ algorithm
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Benders algorithm DRO

Master Problem:

X, W\, Z

N
1
: T o L )
min ¢ x+ wé +N;z,
st. xeX le
2w =Nll2 <w+A
iNT si i\ T i /\HD‘ZHg ;
z; > (o) ¢+ (Bp) x+ve+ —2 Ve < k, Vi € [N]
feR, x;e{0,1}mxT
(x*,A%) (o, B*,7%)

Subproblem for each scenario i:
Allall3
4

>  max o G+B x4+
a,By
s.it. (o, B,7) €N
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other algorithm using worstcase distributions (CCG)

Master Problem:
min  ¢'x+z
x,2>0
sit. xeX
z> > bly'u(d) VueP: <
déEsupp(p)
yi € Yi(xi) Vi € M, Y € Pi, Vd € supp()
(x5 A7) S oyi=d Vi € Pi, Vd € supp(u)
iEM
w
Y
Subproblem for each scenario i:
A3 [ Compute the worst-case
T, T, 2 -
o @ CRgZRa ot 4 (a*, B*,7%) 1 distribution 1*
sit. (a,8,7) €N
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Computational Experiments
(o] Jelele]

Presentation

@ Consideration of instances with thermal units only (source:
SMS++/ EDF).

@ Analysis centered on small-scale instances (10 units) to ensure
convergence across all approaches.

@ Source scenarios:
https://data.open-power-system-data.org/time_series/

@ Out-of-sample tests on 300 scenarios
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Computational Experiments
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Out-Of-Sample Costs

Method | 10/1/700 [ 10/2/700 | 10/3/700 | 10/4/700 | 10/5/700
TVaR 0.04% 0.34% 0.00% 0.09% 0.13%
MTVaR 0.04% 0.34% 0.00% 0.09% 0.62%
KL 0.04% 0.78% 0.08% 0.01% 0.55%
DW 0.04% 0.00% 0.00% 0.01% 0.00%
RO 0.00% 0.00% 0.00% 0.00% 0.04%
N:50 1.24% 1.02% 1.01% 0.72% 1.48%
Det. 1.75% 0.51% 0.21% 0.95% 2.50%
Min cost | 1880117 1315961 1809417 1819979 1888259

Table: Gap between average cost out-of-sample and best cost found
among all the approaches

— RO and DW are the best but RO is much easier to solve.
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Costs distributions

G == ow:o B ow:
2.20%10° B ow:0.15 [ DW:
B DV:0.5 . D\:
. DW:1 . D\
B KL:0 N KL:
5 [ L0 . KL
2.10x10 . K0 KL
I L0 I KL
. L0 I KL
[ KL:0. I KL
[ KL:0.
2.00x10° . MTv:
1.90x10°
1.80x10°
1.7DX1D6

Figure: Boxplots of the out-of-sample costs of the instance 10/4/700
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Parameters Sensitivity

Average cost Standard deviation
sox10t b
1.8450%10° -
1.8400x10° s.ox10’
1.8350%10°
aoxiot
1.8300%10° -
1.8250%10° | 20e10* |
1.8200x10° E, : r . . o L . . . .
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 075 1.00
Shedding
50
o MTVaR:(0,1.0)
20 L —KL:(0,0.99)
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Conclusion

Contributions:
@ Analysis of traditional and novel methods for UC under uncertainty.

Adaptation of a RO method.

o
@ In-depth exploration of DRO using ¢-divergence and Wasserstein distance.
@ Development of specific algorithms to the L? Wasserstein distance.

o

Numerical performance evaluation.
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Conclusion

Contributions:
@ Analysis of traditional and novel methods for UC under uncertainty.
@ Adaptation of a RO method.
@ In-depth exploration of DRO using ¢-divergence and Wasserstein distance.
@ Development of specific algorithms to the L? Wasserstein distance.
@ Numerical performance evaluation.

Future Work:

@ Investigate the concave oracle problem for the L? Wasserstein distance to
design specific algorithms (e.g., KKT-based reformulations).

Integrate regularization techniques in Benders' algorithms.
Study the case U is bounded and includes specific information.

Comparison with Chance-Constrained models.

Computational experiments to other instances and scenarios.
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